ABSTRACT. Let G = GL n ( q ), SL n ( q ) or PGL n ( q ), where q is a power of some prime number p , let U denote a Sylow p -subgroup of G and let R be a commutative ring in which p is invertible. Let D(U ) denote the derived subgroup of U and let e = 1 |D(U )| u ∈D(U ) u . The aim of this note is to prove that the R-algebras RG and e RG e are Morita equivalent (through the natural functor RG -mod −→ e RG e -mod, M → e M ).
1

|D(U )|
u ∈D(U ) u . The aim of this note is to prove that the R-algebras RG and e RG e are Morita equivalent (through the natural functor RG -mod −→ e RG e -mod, M → e M ).
Let n be a non-zero natural number, p a prime number, q a power of p and let q denote a finite field with q elements. Let G n = SL n ( q ). We denote by U n the group of n × n unipotent upper triangular matrices with coefficients in q (so that U n is a Sylow p -subgroup of G n ). Let D(U n ) denote its derived subgroup: then, with N = (n − 1)(n − 2)/2,
We fix a commutative ring R in which p is invertible and we set
Then e n is an idempotent of RG n . 
Consequently, in order to prove Theorem 1, we may (and we shall) work under the following hypothesis:
Hypothesis. From now on, and until the end of this proof, we assume
Now, let P n denote the subgroup of SL n ( q ) defined by
Then U n ⊂ P n . We shall prove by induction on n that
e n is a full idempotent of RP n . It is clear that Theorem 1 follows immediately from ( n ).
As e 1 = 1 and e 2 = 1, it follows that ( 1 ) and ( 2 ) hold. So assume that n 3 and that ( n −1 ) holds. Let I n denote the identity n × n matrix and let
We now define
so that e n = e n −1 f n .
By the induction hypothesis, there exists g
Therefore, as P n −1 normalizes V ′ n , it centralizes f n and so
So f n ∈ RP n e n RP n .
Let µ p denote the subgroup of R × generated by ζ. If χ ∈ Hom(V n , µ p ), we define b χ to be the associated primitive idempotent of RV n :
Then, as V n is an elementary abelian p -group, we get
We fix a non-trivial element χ 0 ∈ Hom(V n , µ p ) whose restriction to V ′ n is trivial. Then
so b 1 and b χ 0 belong to RP n e n RP n .
But SL n −1 ( q ) ⊂ P n has only two orbits for its action on Hom(V n , µ p ): the orbit of 1 and the orbit of χ 0 . Therefore, b χ ∈ RP n e n RP n for all χ ∈ Hom(V n , µ p ). Consequently,
as desired.
Finite reductive groups.
Let be an algebraic closure of q , let G be a connected reductive group over and let F : G → G be an isogeny such that some power F δ is a Frobenius endomorphism relative to an q -structure. We denote by U an Fstable maximal unipotent subgroup of G (it is the unipotent radical of an F -stable Borel subgroup). Define
The next result follows immediately from Theorem 1: The interest of the proof given here is that it does not rely on any classification of simple modules, and is based on elementary methods: as a by-product of this elementariness, Theorem 2 and Corollary 3 are valid over any commutative ring (in which p is invertible, which is a necessary condition if one wants the idempotent e n to be well-defined).
